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Many studies of weakly nonlinear surface waves are based on so-called reduced
integrodifferential equations. One of these is the widely used Zakharov four-wave
equation for purely gravity waves. But the reduced equations now in use are not
Hamiltonian despite the Hamiltonian structure of exact water wave equations. This is
entirely due to shortcomings of their derivation. The classical method of canonical
transformations, generalized to the continuous case, leads automatically to reduced
equations with Hamiltonian structure. In this paper, attention is primarily paid to the
Hamiltonian reduced equation describing the combined effects of four- and five-wave
weakly nonlinear interactions of purely gravity waves. In this equation, for brevity
called five-wave, the non-resonant quadratic, cubic and fourth-order nonlinear terms
are eliminated by suitable canonical transformation. The kernels of this equation and
the coefficients of the transformation are expressed in explicit form in terms of
expansion coefhicients of the gravity-wave Hamiltonian in integral-power series in
normal variables. For capillary—gravity waves on a fluid of finite depth, expansion of
the Hamiltonian in integral-power series in a normal variable with accuracy up to the
fifth-order terms is also given.

1. Introduction

The Hamiltonian description of surface waves, first suggested by Zakharov (1968),
more than twenty years ago (see also Broer 1974; Miles 1977), has placed the problem
of surface waves in a line of numerous problems of nonlinear dispersive waves in
continuous conservative media (Zakharov 1974). In this method the evolution
equations for irrotational surface waves are presented in the form of the canonical
Hamilton equations in which the Hamiltonian is the total energy of the waves and the
canonically conjugate variables are the free-surface elevation and the velocity potential
evaluated at the surface.

Advantages of the Hamiltonian approach are now well-known. In particular,
specific features of a medium turn out to be, in large part, unessential; all versions of
the perturbation theory are considerably simplified and standardized; results of
calculations obtained for a particular medium are easily assigned a general-physics
meaning. One of the consequences of the Hamiltonian approach is an integro-
differential evolution equation of standard form for a so-called normal variable (or,
in other terminology, complex wave amplitude) a related by a transformation of
Fourier type with ‘natural’ physical variables. The general structure of this equation
is the same for waves of a different physical nature in nonlinear dispersive media,
allowing the introduction of canonical variables, and specific features of waves are
absorbed by coefficients of this equation and, in particular, by the dispersion relation
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of linear waves. From this evolution equation for a one usually derives somewhat more
simple integrodifferential equations for an auxiliary variable b, which we term ‘reduced
equations’. For the case of purely gravity waves an example is an equation cubically
nonlinear in b describing weakly nonlinear four-wave interactions, often referred to as
the Zakharov equation. The reduced equations usually serve as a starting point for the
study of wave instabilities, long-time wave evolution, derivation of transfer (kinetic)
equations for spectrum of random wave field and for other applications.

But the reduced equations now employed have a fundamental shortcoming: they are
not Hamiltonian (and thus non-conservative), although the exact water wave equations
form a Hamiltonian system. The fact that the Zakharov equation in its original version
(Zakharov 1966, 1968; see also Crawford, Saffman & Yuen 1980, where some
omissions in the earlier publications were corrected) is not Hamiltonian was pointed
out by Caponi, Saffman & Yuen (1982). This has puzzled investigators up to now,
though this non-conservative reduced equation remains in use. There was even the
supposition that this non-conservativity is completely related to the retention of only
cubic terms in the Zakharov equation, and that retaining the fourth- and the higher-
order terms must lead to energy conservation with increasing accuracy (Stiassnie &
Shemer 1987).

In fact this non-conservativity is caused solely by shortcomings of the techniques
used for derivation of the Zakharov reduced equation. There are at least two causes for
the non-Hamiltonian structure of this equation. Firstly, in some of the papers the
evolution equation for ¢ was derived from the original hydrodynamical equations of
surface wave theory, but not from the Hamiltonian formulation, and therefore the
coeflicients of this equation do not satisfy proper symmetry conditions (see e.g. Yuen
& Lake 1982; Stiassnie & Shemer 1984) expressing the Hamiltonian structure of the
system. This leads to apparent violation of the Hamiltonian structure. Another, more
serious, cause for violation of the Hamiltonian structure of the reduced equation for
b is connected with the techniques which have been used for its derivation from the
evolution equation for a. This reduced equation was first derived by Zakharov (1966,
1968) by heuristic considerations, which later were somewhat formalized by Crawford
et al. (1980). Both methods lead to the non-Hamiltonian reduced equation not
conserving energy.

However, there is another technique for derivation of the reduced equations, quite
natural within the framework of the Hamiltonian formulation. It is the classical
method of canonical transformations from discrete mechanics generalized to the
continuous case. In this method, the variables ¢ and b are related by a canonical
transformation prescribed in the form of an integral-power series in b. Coeflicients of
this transformation can be chosen so as to eliminate ‘unimportant’ non-resonant terms
from the Hamiltonian expressed in terms of the new variable b. The resulting ‘reduced
Hamiltonian’ yields, through the canonical Hamilton equation for b, the Hamiltonian
reduced equation. This general idea was mentioned by Zakharov (1974) and West
(1981) but without detailed elaboration.

In this paper, most attention is given to the reduced equations themselves and not
their possible applications. In §2, we summarize the basic equations of the Hamiltonian
theory of surface waves and describe the general idea of using canonical trans-
formations for derivation of the reduced equations. In §3, we discuss the conditions
under which the transformation from a to b in the form of integral-power series be a
canonical one and derive the coefficients of the canonical transformation and the
kernels of the five-wave reduced equation. Expansion of the Hamiltonian for
capillary—gravity waves on a fluid of finite depth in integral-power series with accuracy
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up to the fifth-order terms is given, for completeness, in §4. A discussion and some
comparisons with other approximations are given, finally, in §5.

2. Background and general considerations

Let {(x,t) be the vertical displacement of the surface of an inviscid laterally
unbounded fluid of constant depth / above the point x = (x, y) at time ¢, ¢(x, z, f) be
the velocity potential for an irrotational flow moving under the influence of gravity
(with g as gravitational acceleration) and surface tension (with y as ratio of the surface
tension coefficient to the fluid density), z be the vertical coordinate directed upwards
with its origin on the undisturbed surface z = 0, and ¥(x, ) = ¢[x, {(x, 1), ] be the
velocity potential evaluated on the surface. Then the evolution equation describing the
wave motion can be put in the form of Hamilton canonical equations with the pair of
canonically conjugate variables { and ¢ (Zakharov 1968; Broer 1974; Miles 1977):

ol(x,r)  oH P(x, 1) oH

a  (x,n)  a x) (2.1)

where ¢ stands for functional derivatives, and the Hamiltonian (the total energy)
H = K+ IT'is the sum of the kinetic (K) and potential (I7) energies divided by the fluid
density. These are given by

K= % fﬁh [(ngﬁ)2 + (%?)2} dzdx, 2.2)

m-! f ¢ dxy [ 01+ (0911, 23)

where V = (0/0x,0/0y) is the horizontal gradient operator and integration with
respect to x is extended over the entire horizontal plane. The velocity potential must
satisfy the Laplace equation V2¢+8°$/0z2 =0 in the domain —o0 < x,y < + 00,
—h <z < {(x,t) and the boundary conditions on the bottom 3¢/0z = 0 for z = —A.
The kinematical and dynamical boundary conditions at the surface are not required for
the Laplace equation because they are taken into account by the above Hamiltonian
formulation. In (2.1) the Hamiltonian should be considered as a functional of ¢ and .
Introduce the Fourier representations of {(x, ) and ¥(x, ?) by the relations

() = 5 [dhear, )= -, 2.4

V0 = 52 [We<dk, k) = (), @)

where k = (k,,k,) is the horizontal wave vector, integration with respect to k is
extended over the entire k-plane, the asterisk denotes complex conjugate, and explicit
dependence of ¢ and y on ¢ is suppressed for simplicity of notation. We denote here
functions and their Fourier transforms by the same symbols, distinguishing them by
their arguments. The Fourier transformation is a canonical one and thus reduces the
canonical equations (2.1) into the canonical ones

oUk)  SH oyl OH

a  SyYyrky ot 8O%k) 26)
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with the pair of canonically conjugate variables {(k) and yr*(k). Now H is a functional
of {(k), £*(k), y(k), y*(k).

Further canonical transformation to the new pair of canonically conjugate variables
a(k) and ia*(k) defined by the relations

{k) = M(k)|a(k)+a*(—k)), (k) = —iN(k)[a(k)—a*(—k)], 2.7)
. _[a® ¥ _[o® 7
with M (k) = [m] , A(k)= [m} , (2.8)
where w(k) is the dispersion relation of linear waves defined by '
w(k) = [r(k) q)F, (k) = g+¥IkI>, q(k) = |k|tanh (|k|h), 2.9)
reduces (2.6) to the single equation
.Oa(k)  oH
ot dark) @10)

Here H is a functional of a(k) and a*(k). Equation (2.10) and its complex-conjugate
form the pair of canonical Hamilton equations.

We are interested in waves of small but finite amplitudes, i.e. in weakly nonlinear
waves. Assuming small wave slopes, we can formally expand the Hamiltonian
H = H(a,a*) into integral power series in powers of a and a* (see §4). For weakly
nonlinear waves one can retain in the expansion a finite number of terms. (Some effects
of truncating the Hamiltonian were recently studied by Milder 1990.) Here we consider
this expansion with accuracy up to and including the fifth-order terms. It is convenient
to place this expansion in the form

- * Ay (% P
H= on ay a,dk, +J Usa, o(ag aya,+ayaf a3) 0y, dkyy,
L g (atarat+ Bysrsa A
+§ 0,1,2\dp Gy g Ty @y) By 1140 hgyg
e * * ok ok
+ J Vite saf a,a,a,+ayaf af a3) 8y, 34k,
—|~l |1 4% * ok 8 dk
5 0,1,2,3% 41 203004153 QKq;93
—l—l Ve | (a¥afaal+ )6, dk
2 0,1,2,3\dg Q1 3 A3 T Ay A1 A343) Ogy49+3 K123
(1) * % ok ok ok
+JW0,1,2,3,4(a0 a,a,a;,a,+ayaf ay a3 af)dy sy o 4 AKgiaay
+l 1 4C) (a* a* * g %) 8 dk
3 0.1,2,3,4(@g 47 2034, +80A, a5 A3 Ay ) 015 54 UKg1034
+1 W ( * ok ok ok * )3 dk
3 0.1,2,3,adg @y Q3 Ag Ay T Ay Ay A3 Ay ) Oy o434 012300
' ) (2.11)
where the perturbation parameter (the wave slope) has been drawn into a.

In expansion (2.11) we have introduced the compact notation in which the
arguments k. in a, o, U™, V¢ W™ and é-functions are replaced by subscripts j, with
g j y
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the subscript zero assigned to k. Thus, for example, a; = a(k;1), w; = w(k)),
U™ o= U™(k, ky, ky), 8,.,_, = 8(k—k,—k,), etc. For differentials we have used the
notation dk, = dk, dk,;, = dkdk,dk,, etc., and the integral signs denote cor-
responding multiple integrals with the limits from —oo to + oo. The normalization
coeflicients (2.8) are defined so to present the quadratic part of the Hamiltonian as in
(2.11). The nth order parts of the Hamiltonian describe n-wave interactions.

It is convenient to assume that the coefficients U™, V™ W™ satisfy the ‘natural
symmetry conditions’, which specify that the integrals in (2.11) are unaffected by
relabelling of the dummy integration variables. Thus, the coefficient U{", , should be
considered as symmetric under the transposition of the arguments 1 and 2, as are U?, ,
under all the transpositions of 0, 1 and 2, V{", , ; under all the transpositions 1, 2 and
3, V§¥, .5 under the transpositions of the arguments inside the groups (0, 1) and (2, 3),
W& 5 5.4 under all the transpositions of the arguments inside the groups (0,1) and
(2,3,4), and so on. The coefficients should also satisfy symmetry conditions expressing
the reality of the Hamiltonian. There is only one such condition for the Hamiltonian
in the form (2.11), namely the coefficient V{2, , , should be symmetric under the
transpositions of the argument pairs (0, 1) and (2, 3), i.e. V& 4 5= V& o1 Thus, the

coefficient V§%, , ; should satisfy the following symmetry conditions:
Véz)l 2,3 = Vizﬁ 2,3 = Vézl 3,2 = V§23 0,1° (2.12)

We note that when calculating the coeflicients using the Hamiltonian (see §4) they,
as a rule, do not satisfy natural symmetry conditions and, therefore, should be
symmetrized by substituting for the sums of non-symmetrical coefficients, taken over
all transpositions of corresponding groups of arguments, divided by the number of
these transpositions. The symmetry expressing reality of the Hamiltonian must result
automatically.

By virtue of (2.10), the following evolution equation corresponds to the Hamiltonian
2.11):

’c)a 6H
o Ba;"

— wyagt f US, 0,058,y dky,
2 j U2(1)1 0@} 4y 804y _pdkyy+ f Ué?)l‘ 207 a3 So4140 0Ky
+f Vil o8 Gy 8y 8oy o5 kg
+J V((l,2)1, 2,807 A3 A5 89,15 5 dk o
+3 J Vg”z 1,0 al ay ay 0411439k 5s
+J Vfl%)l, 2,3 at ay aj dg,y19:59k; 3

(1)
+ J Wi o340, d;050, 8o-1-2-3-4 9K 1934

(2) *
+f Woll 250071 45050, Bo41-2-3-a 9K 934
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+é w2 a*a*a,a,é dk
D 4,3,2,1,001 G5 Q384 0¢4749 3 40K 934
(1) * ok ok
+4J‘ W4,3, 2, l,Oal a2 a3 a4 60+1+2+3—4 dk1234

(5) k ok ok %k
+f W0,1,2,3,4a1 a2 as a4 60+1+2+3+4 dk1234' (213)

The Hamiltonian structure of this integrodifferential equation is expressed, in
particular, in the fact that not all individual integrals on the right-hand side have
different kernels — some of them have the same upper indices. When deriving an-
analogous equation from the original hydrodynamical equations of surface wave
theory this Hamiltonian structure is not observed and all the kernels turn out to be
different (Yuen & Lake 1982; Stiassnie & Shemer 1984). Certainly, after proper
symmetrization of the kernels, obtained from the original hydrodynamical equations,
both methods of derivation of evolution equation for a must lead to the same result,
but the symmetry conditions are not clear without the Hamiltonian formulation.

Consider now a canonical transformation from variable a(k) to a new variable b(k).
A transformation a = a(b, b*) will be canonical if the evolution equation for (k) has
the same Hamiltonian form as (2.10), i.e.

[ Ob(k) _ 6H
ot 8b*(k)

where H = H(b,b*) is the Hamiltonian H = H(a,a*) after substitution of the
transformation a = a(b, b*).

For the transformation to be a canonical one some conditions, which we will term
‘canonicity conditions’, must be satisfied. There are different forms of canonicity
conditions in classical mechanics. They are easily generalized to the continuous case.
One of them, probably the most well known, is expressed through the Poisson

(2.14)

brackets: satk) sa(k)  da(k) da(k’)
a a a a
f [6b(q) sb*(q)  db*(q) 6b(q)}dq =0, (2.15)
da(k) da*(k') _ da(k) sa*(k)| . o,
j [3b(q) 3b*(q) b*(q) ob(g) ]d‘l Sk —K). (2.16)

Postulate the canonical transformation from a(k) to b(k) in the form of integral-
power series:

Ay = bo'*‘fA(()l,)l,zbl bz 60—1—2 dklz'*‘fAff)l,sz bz 60+172 dklz

+ A(():?)l, 2 b;k b;k é\0+l+2 dklZ + J Bé{)l, 2,3 bl b2 b3 60*142—3 dk123

+ B((]%)1,2,3b;k b;k b;k 60+1+2+3 dk123+J\C(;,1)1,2, 3,4b1 b2 b3 b4 60—1—2—3*4 dk1234

+fB((f)1,2,3b;k bzbs 60+1—2—3 dk123+fBé?)1,2,3bT b;k bs 30+1+2~3 dk123
‘*’fc(g,z)l,z,s,zlbi'= bz ba b4 30+1—2—3—4 dk1234



Reduced equations in the Hamiltonian theory of surface waves 7

+fc0 1,2,3, 4b*b*b b 50+1+2 3— 4dk1234
+ J C(()[,l)l, 2,3,4 b;k b;k bi’; b4 6‘0+1+2+3~4 dk1234

+jc&?;,2,3,4br B b bF Byyrrasars Mhpgsa oo @.17)

In the following, we will suppose that the coefficients 4™, B™, C™ satisfy proper
natural symmetry conditions. The canonicity conditions (2.15) and (2.16) impose some
constraints on the coefficients 4™, B™, C™ which will be briefly discussed in the next
paragraph.

The Hamiltonian H is obtained by substitution of (2.17) into (2.11) and, with
accuracy up to the fifth-order terms, has the same form as (2.11) but replacing a; by
b,, and U™, V™ W™ by new coefficients U™, o e resulting from ’the
substitution indicated Obviously, these new coefﬁments must satisfy the same
symmetry conditions as the old ones. In particular

V(§2)123_ Vﬁ)za Véz)lsz_V2301 (2.18)

The canonical transformation enables a fundamental simplification (or, in other
words, reduction) of the Hamiltonian H eliminating therein ‘unimportant’ terms by
suitable choice of the coefficients 4™, B™, C™. The reduction of the Hamiltonian is
crucially dependent on the shape of the dispersion curve w(k), being different for
capillary—gravity (or purely capillary) and purely gravity waves. Consider these cases
separately.

Capillary—gravity waves: three-wave interactions. Consider first, for simplicity, the
case VW = W™ =0 and put
U®
AD = 4@ A® —=___ "2 = pmn _ =, (2.19)

0, 0 9
1,2 = “to,1,2 — M 0,1,2 7 (1)0+(.L)1+(l)2

This transformation is canonical up to the second-order terms in b and gives
OW = U®, U® =0. Thus, in this case, the reduced Hamiltonian is

A= J“”o b3 b, dko'*'fU(()})l,z(b(T by by + by bY b3) 84,y dkyy,- (2.20)

Accordingly to (2.14) the corresponding three-wave reduced equation is

ab SH
az ab*

Purely gravity waves : four-wave interactions. Put C™ = 0, W = 0. In this case the
coefficients 4™ and B™ can be chosen so to make U™ =0, m = 1,3 and V™ =0,
n = 1,4. Thus, the reduced Hamiltonian is

= wyby+ f U, obibydy soadhyyt2 f U, 5% by 8ys ol (2.21)

H= on b¥ b,dk, +%j I7'(§2)1 2. 3D0 BT by by 8o,y 5dkgyss (2.22)
and the corresponding four-wave reduced equation reads
Oy oH ~
U L R DU et @23)
0

The coefficient ¥ is given in explicit form in §3.
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Purely gravity waves : combined four- and five-wave interactions. By a suitable choice
of the coeflicients 4, B", C™ in the full form of the canonical transformation (2.17)
onecan get U™ =0, m=1,3, V' =0,n=1,4, W =0, p= 1,5, so the reduced
Hamiltonian takes the form

~ 1 ~
H= J“”o by b, dk°+§f Vé,z)1,2,3bt’)k bY bybydy.y_s—3dkyyss

1 ~
+ Ef W(g,z)l, 2,3, él(bl,]k bik b2 b3 b4 + bO bl b;‘ b; b;k) 60+1—2—3*4 dk01234’ (2'24)

and the corresponding five-wave reduced equation becomes

NI .
A T apE o e by+ Vé,z)l,z,zb;k bybyBoiraydkyy
0t 6b0
fWO 125,407 Dy by by 001y 5 5 g ARy

e LR TR SRR CEE)
The coeflicient W is also given in explicit form in §3.

In reducing the Hamiltonian H we come up against the ‘problem of small divisors’,
formally resembling the situation in celestial mechanics and related in the present case
to the appearance of non-integrable singularities in the coefficients of the canonical
transformation near the manifolds

Ay 1 p=0, k—k,—k,=0, (2.26)
Ayir—a-3 =0, k+k —k,—k,=0, (2.27)
Agsr-9-3-4=0, k+k,—k,—k,—k, =0, (2.28)
Ayiiso-3-2=10, k+k +k,—k,—k,=0, (2.29)

where notation like 4,_,_, = 0, —w, —w,, etc. is introduced. (Equations (2.26)-(2.29)
are termed the resonance conditions, and the frequency differences involved, 4, the
resonant ones. Note, that the resonance conditions (2.28) and (2.29) are equivalent in
the sense that the former follows from the latter by renumbering of wave vectors.) For
instance, the canonical transformation (2.19) is possible because for capillary—gravity
waves the conditions 4,,,., =0, k+k, +k, =0 cannot be satisfied. In the case of
capillary—gravity waves, an attempt to ehmlnate the term with U® from the
Hamiltonian H leads to singularities in 4V and 4” near the manifold (2.26). In the
case of purely gravity waves, the conditions (2.26) cannot be satisfied and the cubic part
of H (i.e. the terms with U and U ) can be completely eliminated. But an attempt
to eliminate the terms with ¥® and W® leads to singularities in B®, C® and C® near
the manifolds (2.27)—(2.29), correspondingly (these statements will be more clear from
the results of §3). The non-resonant terms in the Hamiltonian H, which can be
eliminated by suitable canonical transformations, are, in a sense, unimportant.
All of the above reduced Hamiltonians are obvious integrals of motion, i.e. they all
conserve the total energy. In addition, there are other integrals of motion (see §3).
Note that instead of (2.23) one often uses the equation
0By [ 5 « .
l—a[_ = f Vo, 1,2,3 B1 Bz B3 exp [1A0+1—2—3 Z] 60+1~2-3 dk123’
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which is obtained from (2.23) after the change of variable
bk, 1) = Bk, t)exp[—iw(k) 1].

This equation describes the slow evolution of a gravity wave field due to weakly
nonlinear four-wave interactions. The non-Hamiltonian version of this equation was
first derived by Zakharov (1966, 1968) from equation (2.13), with V"™ =0, m = 1,4
and W™ =0, n = 1,2, 5, by heuristic considerations (see, also, Crawford er al. 1980).
The method of derivation suggests that the slow evolution of B(k,t) is determined
mainly by interactions of wave fours approximately satisfying the resonance conditions
(2.27). This method gives the reduced equation whose kernel does not satisfy all
symmetry conditions (2.18) (it possesses only the symmetry relative to transpositions
of the arguments 2 and 3), and thus is not Hamiltonian. The canonical transformation
technique, described in detail below, automatically removes this shortcoming.

3. The coefficients of canonical transformation and the kernels of reduced
equations

In the following paragraphs, attention is paid primarily to the five-wave reduced
equation (2.25), which, in a sense, comprises the four-wave equation (2.23), so the
latter, generally speaking, should not be derived separately. Derivation of (2.23) by the
procedure outlined above of direct reducing the Hamiltonian to the form (2.22) taking
account of the canonicity conditions (2.15) and (2.16) is given in some detail in
Krasitskii (1990), but without reference to water wave problems (for a concise
discussion, more close to the present paper, see also Krasitskii 1991). But this
procedure, applied for deriving (2.24), leads not only to extremely cumbersome
algebra, but also to some difficulties of taking account of canonicity conditions in the
form (2.15) and (2.16), which are rather complicated as well. An equivalent method of
directly reducing the Hamilton equation (2.13) to the Hamilton reduced equation
(2.25) using the transformation (2.17) turns out to be far more simple. It is the method
which we will use below.

To realize the method one should substitute the transformation (2.17) into (2.13),
substitute arising derivatives of 0b;/0¢ from equation (2.25) and then collect, after
proper symmetrization, the kernels of the integrals with the factors b, b,, b b,, ...,
by by b} bf. As a result, we obtain the following twelve equations:

Ué,l)l, 2t do1e A(ol,)1, 2 =0, 3.1

20U o+ Aoy AP 2 = 0, 3.2)

U(()3)1 2t dosiia A(()B,')l, 2 =0, 3.3)

Z(g,l)l, 2,3+ V((),l)l. 2,3t A0—1—2-3 Bf){)l, 2,3 = 0, (3.4)

17&2)1 2,3 = (()2)1 2,3t V((),2)1, 2,3 + 5123 B§)2,)1, 2,3 (3.5)
Zé?)l, 2,313 V§1)2 1,0t v B(():?)l, 2,3 = 0, (3.6)

Z(()A,l)l, 2,31 Vé?)1,2,3+A0+1+2+3 B(()%)l,za =0, (3-7)

Xé,l)l, 2,34 W(()l)l 23,4t dg1-5-3-4 Cé,l)l, 2,31 =0, (3.8)
I’T/(()2)1 2,3,4 = Xé’2)1‘ 2,3,4 T Wéml 2,3, dori—z2 54 C(§,2>1, 2,3,2 (3.9)
%Wﬁ; 2,1,0 — Xéz,})L 2,3,4 +%W§2)3 21,0 dorivaaa Cé?)l, 2,3,0 (3.10)
Xé[,l)L 2,3,4 +4Wﬂs, 2,10 Aoiviaraa C(g‘,l)L 2,3,4 0, (3.11)

(5) (5) (5) -
Xo, 1,2,3,4 + Wo, 1,2,3,4 +A0+1+2+3+4 Co, 1,2,3,4 — 0. (3-12)
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The functions Z™ and X™ are given in an Appendix.f For given n the symmetry
properties of the functions Z™ and X are the same as for the coefficients B™ and
C™ correspondingly.

The coefficients 4™, B™, C™ can be subdivided into the two groups: ‘non-
resonant’ (4D, 4@ 4® BV BB BO CW CW (C®)and ‘resonant’ (B®,C®, C®)
ones. The non-resonant coefficients are derived immediately from the above equations:

Af)l,)l,z =—A41, U((),l)l, 2 (3.13)

A(()z,)l,z = —241021_2 Ué,l)l.o = —2A;1,)1,0’ (3.14)
Ag;)l 2= —Agt1ea U((i:,i)l,Z’ (3.15)

Bél)l 23 =—4g e 3[20123+V(()1)123] (3.16)
303)1 2,3 = — i1 3[233)1 2, 3+3V1§12 1,0 (3.17)
35)4)1 2,3 = AE+1+2+3[ZO 12,37 Vé‘ll 2,3) (3.18)
C0,11,2,3,4 = _AE 1- 2—3—4[ 0.1,2,3,4+ W031,2,3,4], (3.19)
C((itl)l,z, 3,4 = — A5t ae- 4[X(()A,1)1,2,3,4+4W;,1§;, 2,1,0b (3.20)
C((i,5)1,2,3,4 = —‘A0_+1+z+3+4[Xc(n?)1,2,3,4+ Wc(.?)1,2,3,4]- (3.21)

All non-resonant coefficients are inversely proportional to ‘the non-resonant
frequency differences’ which cannot vanish for a purely gravity wave dispersion law.
For example, for the coefficient B this means that the system of equations
Ay 3 3=0, k—k,—k,—k, =0 has no solutions. This is the circumstance which
allows the possibility of reducing the Hamiltonian H, i.e. elimination of the non-
resonant (‘unimportant’) terms from it. An attempt to eliminate the resonant terms
using the conditions ¥® = 0, W® =0, in (3.5), (3.9), (3.10) leads to the appearance
of non-integrable singularities in the coefficients B®?, C®, C® near the manifolds
defined, respectively, by (2.27)+2.29), as was mentioned in §2. Note that relations
(3.13)(3.18) were derived by Krasitskii (1990) through the canonicity conditions
obtained from the Poisson brackets and directly reducing the Hamiltonian H to the
form (2.22), but by far more cumbersome calculations.

The resonant coefficients of the canonical transformation B®, C®, C® and the
kernels of the reduced equation V®, W® cannot be obtained uniquely from (3.5),
(3.9), (3.10). It will be shown below that they can be determined correct to an arbitrary
function satisfying some symmetry conditions. This is because the canonical
transformation admits a certain freedom which for non-resonant coefficients is limited
by the condition of exclusion of the non-resonant terms from H.

For determining B® and ¥® we turn to (3.5). Using the symmetry properties (2.12)
and (2.18) for the kernels ¥® and V@, it is easy to eliminate them from (3.5) and to
obtain for B® the following equation:

Agi1ae 3[Bo 1,2, 3+B§f)2,1,0]+Z((i,2)1,2,3_25(1,2)2,1,0 =0, (3.22)

which, actually, is the canonicity condition for B®. It is clear from the structure of this
equation that its general solution B{Y, , , = B{?, , , should be presented as a sum of
some particular solution A4, | , ; = 4, ; ; , and an ‘arbitrary function’ A satisfying the
conditions Ag y 5 5 =Ag 432 = —A35.1.0 The function A can be chosen for convenience
(changing B® simultaneously changes both ¥® and b(k), but leaves a(k) unchanged
in the canonical transformation). In what follows, we will consider that the function A
is identically equal to zero, and B, , ; is a suitable particular solution of the equation

t A copy of the Appendix is available from the Editorial Office or the author.
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(3.22). This particular solution should be symmetric under the transpositions of the
arguments 2 and 3, and non-singular when 4., ,_, 0.

The structure of (3.22) suggests that this particular solution can be sought as a linear
combination of the functions Z® of different combinations of indices divided by
Ay.1-5_5- This solution is easily constructed by elementary considerations and has the
form

382)1 2,3 = Aoil 2~ 3[32021 2, 3'—Z§2:) 2, 3_Zé23 0, 1-25.22 0, 1] (3-23)
This solution is, formally, singular when 4,,, ,_, 0, but substituting in (3.23) the
expression for Z® from the Appendix (see footnote on p. 000) and using (3.1) and (3.3)
shows that 4,,,_,_, is just cancelled here yielding

2) — 3) (3) 1 (1) (1)
B012 A01v0 1A23—2 3+A121 2A30,3—0+A131 3A2020
(1) (1) (1) (1) (1) (1)
“A0+1,0 1A2+3 2,3 Ao 2,0— 2A3,1,3 1_‘40 3,0— 3A2 1,2-1° (3~24)

In Krasitskii (1990) the solution (3.24) was guessed as a solution of canonicity
conditions derived through the Poisson brackets. Here it is found by a more systematic
and simple way, close to that used below for determining the coefficient C®. If the
coefficient B® is known, the kernal ¥ can be found from (3.5), the right- hand side
of which satisfies all the symmetry conditions in (2.18), but in implicit form (in (3.5) the
symmetry described by (2.18) is exhibited by the total sum on the right-hand side, but
not by each separate term). It is such representation of the ¥® with the symmetry
properties in implicit form that is obtained when substituting (3.24) in (3.5).

Another representation for the kernel ¥® is obtained when substituting (3.23) in
(3.5):

V(()2)1 2,8 — 4[232)1,2 3+Z{2)0 2, 3+ZZ 3,0, 1+Z§,2)2,0,1]+ V((),2)1,2,3' (325)
As distinct from (3.5), this expression depends on 4,,,_,_, in implicit form but, on the
other hand, possesses all the symmetry properties in (2.18) in explicit form.

Note, that earlier (Zakharov 1966, 1968, 1974; Yuen & Lake 1982) the kernel
V(‘,Z’1 28 = 2§ 53T VP 4 s Was used as the kernel of the four-wave reduced equation,
which is obtained from (3.5) if one formally put 4,,,_,_, = 0 therein. This kernel no
longer satisfies all the symmetry conditions in (2.18): it is symmetric only with respect
to transpositions of the arguments 2 and 3, but not for 0,1 and for transpositions of
the pairs (0, 1) and (2, 3). This violation of the symmetry properties of the kernel leads
to violation of the Hamiltonian structure of equation (2.23) (see the more detailed
discussion in Krasitskii 1990).

Now we turn to the determination of the canonical transformation coefficients C @,
C® and the kernel of the five-wave reduced equation W®. Using the symmetry of the
kernel Wé \.2,3,5 under the transpositions of the arguments 0 and 1, it is easy to derive
from (3.9) the following equation for C®:

(2) — 2 (2) Y2 —_
A0+1—2—3—4[C0,1,2,3,4 C1,0,2,3, 4]+X0,1,2,3,4 Xl,0,2,3,4 - 0’ (326)

which is, essentially, the canonicity condition for C®. It is clear that its general
solution C{%) 2.3, symmetric under the transpositions of the arguments 2, 3,4, should
be presented in the form of a sum of some particular solution A, , , 5, Symmetric
under the transpositions of the arguments 2, 3,4, and ‘an arbitrary function’ Ao 123,00
symmetric under the transposition of the arguments inside the groups (0,1) and
(2,3,4). Assuming A = 0, we will consider C{%, , , , as a suitable particular solution of
(3.26). This particular solution should be symmetric under the transpositions of 2, 3,4
and non-singular when 4,,,_, . ,—0. As such a particular solution one may take

(2) 1 (2) (2)
C0,1,2,3,4 A0+1 2—-3— 4[Xo,1,2,3,4_X1,0,2,3,4]' (3'27)
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Actually, the symmetry of this solution under 2, 3,4 is evident. Besides, lengthy and
cumbrous algebra shows that

(2) (2) — —
Xo,1,2,3,4_X1,0,2,3,4— 2A0+1—2—344[P0,1,2,3,4 P1,o,2,3,4]a (3-28)

where the function P, | , , , is symmetric under the transpositions of 2,3,4 and is
presented in the form

Foi2,3a=Po 12,341 Po 1,324 Po14.23 (3.29)

and the function p, , , 5 , is symmetric under 3,4; it is given in the Appendix (see
footnote on p. 10). Thus, when substituting (3.28) in (3.27), the resonant frequency
difference 4,,,_, ,_, is cancelled yielding

(2) = —
C0,1,2,3,4 - P(J,1,2,3,4 Pl,0,3,2,4' (3‘30)

Note that this expression is antisymmetric under 0, 1.

The kernel W® is obtained by substituting (3.30) in (3.9). The resulting expression
for W , 5, possesses the necessary symmetry under the transpositions of the
arguments inside the groups (0, 1) and (2, 3,4) in implicit form. On the other hand,
using nothing but the antisymmetry of C{ , , , under 0, 1, we find from (3.9)

77(2) — 11y®@ (2) (2)
W0,1,2,3,4 - E[X0,1,2,3,4+X1,0, 2,3, 4]+ W0,1,2,3,4‘ (331)

This representation of the kernel already possesses all necessary symmetry properties
in explicit form.

It remains to determine the coefficient C*, , 5 ,. It must be symmetric under the
transpositions of the arguments inside the groups (1,2) and (3,4) and non-singular
when 4,,,,2-5_,— 0. Eliminating W® and W® from (3.9) and (3.10), we obtain

3) — A1 (3) 3y 3@
C4,3,2,1,0_A0+1—2-3—4[X4,3,2,1,0 2Xo,1,2,3,4] 2C0,1,2,3,4' (3-32)

Replacing the arguments 0 and 1 and adding the equality obtained to the initial one,
we find

Czi,s?’s,z,l,o = AE¢1—2—3—4{X4§?)3,2,1,0_%[X(§,2)1,2,3,4+X1(.22),2,3, 4]}
= %A(;i1—z—3—4{[X4§,3)3, 2,1,0 _%Xé,z)l, 2,3, 4l +[X§3)3 2,0,1 "%Xl(?)o, 2,3, Jh (3.33)

In contrast with (3.32), this expression is already symmetric under 0, 1 in explicit form.
Lengthy algebra gives

Xt;?%i, 2,1,0 —%Xé?)l, 2,3,4 = A0+1—2—3—4[Q4, 3,2,1,0 + Q4, 2,3,1, 0]' (334)

The awkward function Q is given in the Appendix (see footnote on p. 10). Substituting
(3.34) into (3.33) gives

C(g,a)L 2,34~ %[Qo, 1,253,471 Qo, 21,341 Qo, L2437t Qo, 2,1,4, 3]- (3.35)

Thus, all the coefficients of the canonical transformation and the kernels of the
reduced equation are determined.

Note that omitting the last term (with the resonant frequency differences) in (3.5)
and (3.9) violates necessary symmetry conditions for ¥® and W® which provide
Hamiltoniaty of the reduced equations (2.23) and (2.25). But it can be proved that
when the resonance conditions (2.27) and (2.28) are satisfied exactly (i.e. on the
resonance surfaces themselves) these conditions are satisfied. It should also be
emphasized that the above calculations do not impose any constraints on the smallness
of the resonance frequency differences 4,,, ,_, and 4,,,_, 4, and this essentially
distinguishes our approach from those currently in use.
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Consider now the possibility of the existence of ‘integrals of motion” of the type
= Jr(k) b*(k) b(k)dk. (3.36)

For r(k) = k the quantity 7 is the wave momentum, and for r(k) = 1 it is the wave
action. It follows from the five-wave reduced equation (2.25) that 7 evolves according
to the equation

0 N
25, = j(ro+r1—r2—r3) VB, o b¥bEbyby 8y gy dkorss

+f(r0+r1—r2—r3-—r3) W02)1 2,3, (B3 bY by by by, —by b, by b bY) 8y.y_5—5_a kg5,
(3.37)

It is seen from this equation that the five-wave reduced equation (2.25) conserves the
momentum only, but the four-wave reduced equation conserves both the momentum
and the action. Thus, the five-wave interactions, described by the fourth-order terms
in (2.25), violate the wave action conservation law intrinsic only to the four-wave
interactions. Equation (3.37) with r(k) =1 permits us to estimate this effect
quantitatively. Of course, both equations (2.23) and (2.25) conserve the reduced
Hamiltonian (2.22) and (2.24) respectively.

We stress that for the derivation of equation (3.37) all symmetry properties of the
kernels are required. If, for example, we use the kernel V¥, , , = Z{ , s+ V¥ , 5
discussed above instead of the kernel (3.5) or (3.25), then an equatlon like (3 37) cannot
be derived, and the above conservation laws do not hold, as was noticed by Caponi et
al. (1982).

4. Expansion of the Hamiltonian

This article would be incomplete without presenting the expansion coefficients of the
Hamiltonian H, which enter practically all the above expressions. The expansion up to
the fourth-order terms in a and a* for the case of deep-water waves has been given by
Zakharov (1968), but with a number of omissions. Most of the papers have derived an
evolution equation for a like (2.13) from original hydrodynamical equations, without
the Hamiltonian formulation and the related expansion of the Hamiltonian. As has
been pointed out in the introduction, the coefficients of the evolution equation
obtained this way usually do not satisfy the symmetry conditions expressing the
Hamiltonian structure of the system. Here we present an expansion of H with accuracy
up to the fifth-order terms for capillary—gravity waves on fluid of finite depth.

The general solution of the Laplace equation satisfying the bottom boundary
condition can be presented by the following Fourier integral:

cosh [[k|(z+ h)] ik e
30 = o [p00 SRR Mo, g = g, @D

The calculations then proceed as follows: (1) expand the Hamiltonian H in powers
of {(k) and ¢(k) with accuracy up to the fifth-order terms; (2) express ¢(k) through {(k)
and (k) with accuracy up to the fourth-order terms; (3) present H through the
canonically conjugate variables {(k) and (k) with accuracy up to the fifth-order
terms; (4) present H through the normal variables a(k) and a*(k) with accuracy up to
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the fifth-order terms using the formulae (2.7). We turn now to realization of this plan
and present the key points of the calculations.
(1) Turn first to the expression (2.2) for the kinetic energy K. Using (4.1) we find

[ oo+ (5] ez = =g | 10607~ bt 100 g0, €70 e e,

nsinh [m(h+ &)+ smsinh [n(h+ O]
mn[cosh (mh)—cosh (nh)]

with m = [k|+|k,|, n = |k|—|k,]|.

Assuming |k|{ is small (weak nonlinearity), we replace the hyperbolic sines in I® by
their Taylor-series expansions up to orders (m&)® and (n¢)®, which is sufficient for
presenting the kinetic energy with accuracy up to the fifth-order terms. Then, using
(2.4) we present expansion of the kinetic energy in the form

S =

where I’ =

-

1 1
= iﬁkl cotanh (|klh) 45 ¢, dk, —2(7[5 jK(ﬂ B0 D1 & Boriv2 A1z

1
— 2(275)2 IK(()4)1 ¢0 ¢1 §2 €3 30+1+2+3 dk0123

1
— 2(2n)3f 35)1 0 818838 Oor11ava+a Ak 4.2)

with
K§?, = cotanh (|k|h) cotanh ([k,|h) [(k - k,) ~ 4, 4.,
K§¥) = gcotanh (Jk|h) cotanh (&, ) {[(k - k,) — |k, |1 g, + [(k - k) — K" 4.},
K§?, = gcotanh (|kik) cotanh (1k,|4) [(1KI* + ke, [*) (k - k) = 2|k*lk, [* = |k — Ky Pq, g, ].
In the above expressions g(k) is given in (2.9) and we have used compact notation
together with complete one where it is convenient.
The highest-order term in the expansion of the potential energy (2.3) is the fourth-

order one (the next terms are already of the sixth order). This expansion is trivial and
does not need special explanation:

1
=5 )7,8 §dk, + jH(041 2.3 0081 & &5 Oor10+3 Gkgr20s (4.3)
with

HE)4)1 2,3 = 24(2 )2
Here 7(k) is given in (2.9) and proper symmetrization has been made for I7{", , ,. Thus,
we have found the expansion of H = K+ IT in terms of the functions {(k) and ¢(k) with
accuracy up to the fifth-order terms.
(2) To express H in terms of {(k) and (k) one should first find the relation of ¢(k)
to ¢(k) and (k). It is clear from the structure of (4.2) for K that this relation should
be found with accuracy up to the fourth-order terms. We have from (4.1)

COSh Ikl(§+h)] 1k-x
Yix) = fﬁé( nhgem < 9

with { = {(x). This formula, together with (2.4) and (2.5), give the required relation.

(k- key) (g beg) + (K- ko) (Fey - Keg) + (K- Keg) (Key - Key))-
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To find this relation in explicit form the hyperbolic cosine in (4.4) should be replaced
by a Taylor-series expansion up to order (jk|¢)*. Using this expansion and (2.4), (2.5)
and (4.4) we obtain

Vo = cotanh (1A) iy + 5. [ 1l £33, 1

1
+ Wfélklﬁ cotanh ([k,h) ¢, &, & 8o 1-o 5 Akyaq
1 1 3
e NS T ws)

This equation should be solved by iterations relative to ¢(k) with accuracy up to the
fourth-order terms in ¢(k) and (k). The solution, after proper symmetrization, is

1
¢, = tanh (|k|h) [wo : f41 Y18 001 o dkyy— n )2J¢(()31 2,818 83001234k g

1
—W J‘(p((f)L 2,3,4 ¢1 §2 §3 §4 60~142—3—4 dk1234] ’ (4~6)

where
¢03)1 2,3 — z(lkll G902 ‘10—3)3
cz53%)1,2,3,4 - E[q1(|k1|2_|k1+k2|2_|k1+k3|2—|k1+k4|2)
— k1 [*(Go-2+ Go-3+ Go-0) + 91 Go-o(G144F G145)
+4190-5(G11at G142) + 41 90-i(G113F 4140))-

(3) We can now present H in terms of the canonically conjugate variables ¢(k) and
(k) with accuracy up to the fifth-order terms. The potential energy is expressed
through (k) only. So one should transform the kinetic energy by substituting (4.6) into
(4.2) and retaining therein the terms up to the fifth order. After cumbrous algebra with
numerous cancellations one obtains relatively simple result:

1
K= gfqo Vo Yodky+ JES?’L 2 Vo G Borreg Ok

+ J\Eéé,l)l, 2,3 1)&0 ¢1 §2 §3 80+1+2+3 dk0123 + jE<5l 2,3,4 1)&0 1)&1 €2 §3 §4 0+1+2+3+4 dk01234’ (47)

where

1
E(g,wl,z = _2—(2?)[(k'k1)+q0 4.l

1
E(()?)l,z,s 8(2 )2 Y PAL1 q1+2|k1|2% qoQ1(q0+2+q1+2+‘I0+3+q1+3)]a

1
“1202n

- Ik + k3l2 - Ik + k4|2 - lkl + kzl2 - |k1 +k3|2 - Ikl + k4l2)
—1k11*qo(Gosa + dors + Gora) — |k|2q1(‘h+z 4115+ 9144)
+ 90 91[90+2(q145+ 91200) + Gors(@rra+ G140) + Gora(@rn + 9115)]

E 050 = D0n? {21klfes[* +3q0 41 (1kI* + K, | — [k + Ky



16 V. P. Krasitskii

In the case of deep-water waves one should just replace g(k) by |k| in the above
formulae.

At this stage of the calculations, the pair of canonically conjugate Hamilton
equations (2.6) for {(k) and (k) can be written in the explicit form:

o
a—to"qo Yo=2 fEi?, 1,2 ¥ & Og—1-9dkyy+2 JEY%)) 1,2,3 68 Gg-1-9-3 dklza

12 f ED 0 atn & Eadas ansdhnyn (48)
oy,

—aT‘I' To go = -fEisé -0 ’ﬁl l/fz 80—1\2 dklZ -2 fE{4g 3,-0¥1 'ﬁz €3 80—1—2‘3 dk123

—4 fnf)z, 3,0 gl gz §3 80—1~2—3 dk123 -3 jEl(‘s?? 3,4, -0 '/fl 'ﬁz §3 §4 80-1—2»3—4 dk1234a (4'9)

where the surface tension is also included.

In some respects, this system of equations seems more convenient for numerical
study of combined four- and five-wave interactions than the reduced equation (2.25).
Firstly, these equations have simpler kernels, and, secondly, they give (k) directly
rather than the auxiliary variable b(k), which is related to {(k) through a(k) by a
complicated canonical transformation. Note that the kernels on the right-hand sides of
these equations are related, in any given order, to each other through the same
coefficients E™ by quite definite way, expressing the Hamiltonian structure of these
equations. To obtain such a structure from original hydrodynamical equations is
practically impossible,

(4) Finally, it remains to express the Hamiltonian H in terms of the normal variable
a(k) and obtain the coefficients U™, ™ = jp expansion (2.11). To do this, one
should just substitute (2.7) into H expressed above through ¢(k) and (k). After proper
symmetrication, we obtain the following expressions:

Ué})l, 2 = U—0,1,2_ U—o, 2,11 Ul,z, -0 Utg?)1,2 = Uo,1,2+ Uo, 21T U1, 2,00
V((),1)1,2,3 = %(_ V—o,l,z,a_ V—0,2,1,3“ I/10.3,1,2'*' Vi,z,-o,:a
+ V; 3.-0,2 T Vé 3,0, 1) ‘4]:1, i,2,3
Vé,z)l,z,:; = I/;0, -1,2,3tF V;,s,—o,—l_ V—o, 2,-1,8 Kl,z, -0,3
- Ko, 3,-1,2 V~1, 3,-0,2 + 12]-(;, 1,2,3
Véjl?l,2,3 = %(%,1,2,3+ V('),Z,l,.’i_,_ I/0,3,1,2—’_ I/1,2,0.3 + I/;,3,0,2_*_ I/;.3,0‘1)4-413,1,2,3’
W(g,l)l, 2,3,4 = %(IJ/I, 2,3,4,-0 + I/Vi, 3,2,4,—0 + I/I/l, 4,2,3,—-0
+ I/I/;,(i,l,él,—O_*_ I/’/2,4,1,3,*04- I/I/:;,AI,I,Z,—O_— I/I/—0.1,2,3,4
- I/V~0,2.1,3,4_ I440,3,1,2,4 - pV-o,4,1,2.3)a
Wéﬂ,z,3,4 = 2U/V—(;,‘1,2,3,4~ I’V~0,2,~1,:«x,4“ I'V—l,z,ﬂu,g,z;
- VV~0,3,-1,2,4— I/V—1,3,~0,2,4_ I/V—0,4,—1,2,3_ m1,4,—0,2,3+ %,3,~0,—1,4
+ W2,4,0,—1,3+ %,4,—0,-1,2):
W(;,s)l,z,3,4 = %(%,1,2,3,4“" VVO,2,1,3,4+ W('),3,1,2,4
+ I41’),4,1,2,3-'_ ”/;,2,0,3,4-{- W;,3,0,2,4+ Wi,4,0,2,3+ I/1/2,3,0,1,4-*- W2,4,0,1,3+ I/I/:3,41,0,1,2)’
where Uiro=~NoH, %2E(§?)1,2s Votes=—2N N M, ‘//lsE(()fl)l,z,s’
1:),1,2,3 = %0%1%2%317&)1,2,3’ I'%,1,2,3,4 = —M0M1%2%3<%4E(§.5)1,2,3,4~
The functions U™, V™, W™ satisfy all necessary symmetry conditions,
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5. Discussion

This paper was stimulated by publications which discuss, in some way or another,
the non-Hamiltonian structure of reduced equations for surface gravity waves, though
the problem of constructing the Hamiltonian reduced equations is of general
importance for weakly nonlinear waves in conservative dispersive media allowing a
Hamiltonian description (see e.g. the review by Zakharov 1974). The canonical
transformation technique solves the problem in a natural way, resulting in Hamiltonian
reduced equations.

In view of the fact that the non-Hamiltonian reduced equations remain in use and
many interesting results have already been obtained based on them, it seems necessary
to estimate their accuracy as compared to the Hamiltonian ones. The most direct way
of such an estimation consists in a comparison of consequences from non-Hamiltonian
and Hamiltonian reduced equations. Such a comparison for the case of the four-wave
reduced equation applied to the deep-water gravity waves was recently given by
Krasitskii & Kalmykov (1993). Two typical examples were considered: the mod-
ulational instability of a uniform Stokes wave train and the long-time evolution of a
discrete wave system. Overall, one can draw the conclusion that distinctions in
solutions of the reduced equations in the non-Hamiltonian and the Hamiltonian forms
are revealed only for sufficiently large nonlinearity of the wave system. It should be
noted that the non-Hamiltonian form of the reduced equations do not give any
simplifications in either analytical or numerical analysis. Thus it should not be used.

Consider now some statistical aspects associated with the reduced equations and the
canonical transformation. Define the ‘observable’ wavenumber spectrum F(k) of a
horizontally uniform random wave field by

Flk) = o )2 w(k)

where the angle brackets imply an ensemble average. The observable spectrum is
normalized by the condition {({*) = f F(k)dk and has the property F(k) + F(—k), in
view of which it is called non-symmetric. Note that the function N(k) coincides, correct
to the factor (2m)*g, with the spectral wave action F(k)/w(k). By analogy with F(k) and
N(k) we define the functions f(k) and n(k) by

1
S0 = s
We call f{k) and n(k) weak-interaction spectra to distinguish them from observable

ones. Using the usual quasi-Gaussian closure one can derive from the five-wave
reduced equation (2.25) the following kinetic (transfer) equation for n(k):

0 1
nO j[Véz)l 2, 3]2’10" n2n3[1 +i_i__]

ot ny Ry N, Ny

——N(k), <(alk)a*(k’)) = N(k)d(k=K'),

”g)w> (b)Y B*(K)> = n(k) 8(k — ).

X )+ 0y — 0y — ) 8gy1_g_g Ky g

~ 1 1 1 1 1
e L
X 8wy +w, — 0wy —wy—w,) 6y iy g g4 kg

~ 1 1 1 1 1
+18nf[Wi,Z)a,2,1,0]2’10”1”2"3”4[ +’_+———4—j|

ny ng n, Ry Ny

X 0wy + Wy Wy — 0y —0,) 8y i10-3-4 9K gas + -+ 5.
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The first integral on the right-hand side of (5.1) corresponds to the four-wave kinetic
equation derived by Hasselmann (1962), and the two other integrals describe spectral
energy transfer due to the five-wave interactions; the dots at the end of the equation
represent fourth-order terms in #, not written down here, originating from cubic in b
terms in the reduced equation (2.25) and, thus, depending on V.

Consider the possibility of the existence of conservation laws of the form
J= f r(k) n(k)dk for equation (5.1). For r = k the quantity J is proportional to the
mean momentum of the random wave field, for r = w(k) it is proportional to the mean
potential energy and for r = 1 it is proportional to the mean wave action (all the
quantities refer to unit horizontal area). It is easy to find from (5.1) that the quantity
J evolves according to the equation

oJ ~ o 1 1 1 1
a_[=rrj[Véj’l,2,3]2[r0—+—rl—rz—r?,]nonlnzn?,[——k ————— ]

Ny N, N, Hy

X 8wy + ) — wy —@3) 8o,y 5 5 Akgypg

~ ; 1 1 1 1 1
+6nf[%%)1,2,3,4]2["0‘*"'1_"2_r3—r4]n0n1n2n3n4[—+ ——————— :|

ny n, n, hHy Ny
X 0wy + 0, — 0, — 03— w,) 15 5 dKg1p34. (5.2)

It is seen from this equation that dJ/dt = 0 for r = k and for r = w(k), i.e. the five-
wave Kkinetic equation conserves the momentum and the energy (of course, these
conservation laws should be valid for any number of interacting waves). At the same
time, the first integral in (5.2) vanishes for r = 1, and the second one does not vanish,
i.e. the four-wave kinetic integral conserves the wave action, and the five-wave one
leads to violation of this conservation law.

At the same time, many important inferences from the four-wave kinetic equation
are connected just with the wave action conservation law, in particular the inference
about the existence of a Kolmogorov power-law spectrum caused by constant action
flux from the short-wave to long-wave range of the spectrum (Zakharov 1984). Thus
taking account of five-wave interactions, violating the wave action conservation law,
does not just improve precision, related to allowing for higher-order terms in
perturbation theory, but is of principal significance. Evolution of the action is
described by (5.2) with r = 1.

Usually the difference between N(k) and n(k) is either ignored and these spectra are
simply identified, or else is not mentioned. In practical applications we need the
observable spectrum F(k), so we have to consider its relationship to f{k).

We can find this relationship using the canonical transformation (2.17) and a
statistical hypothesis similar to that employed in the derivation of the kinetic equation.
Using (2.17), we have to calculate the correlation function {a(k) a*(k")), and apply the
Gaussian hypothesis to the correlation functions of higher orders in b, which appear
on the right-hand side of the equation. This calculation procedure yields

N, = n,+4n, fof)L 0,11 dk;

+2 J{[At()l,)l, omal®y oy +2LAR o Py H AP o P dk o, (5.3)

where the dots at the end of the equation represent cubic and fourth-order terms in n,
not written down here, originating from corresponding terms in the canonical
transformation (2.17).
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In practical applications (5.3) calls for numerical calculations. However, some simple
conclusions can be drawn even using its general structure. First, the power-law spectra
n(k) (for example, the Kolmogorov spectra which are just weak-turbulence ones) when
transformed to the observable spectra N(k), are no longer of the power-law type, at
least because of the complex dependence of A on k. Secondly, in the case of spectra
n(k) which are narrow in the k-space and concentrated, say, in the vicinity of the wave
vector k,, the spectra N(k) exhibit additional ‘secondary’ peaks at k+2k,, k+3k,,
k+ 4k, (the latter are due to the cubic and the fourth-order terms in #» which are not
included in (5.3)). This is easily seen in the limiting case of a monochromatic wave,
when n(k) = cd(k—k,), ¢ = const, and (5.3) yields

N(k) = cS(k—ky)+4c*BP(k, ko, ko, k) Sk —k,)
+2c3{[AV 2k, ky, ko) P8(k — 2k ) +[AP(—2k,, ky, ko)|P0(k + 2k ,)1+ . ...

The nature of these peaks is essentially the same as in the pioneering work by Tick
(1959), who seemingly was the first to carry out perturbation analysis of a random sea
surface up to the second-order terms. Such secondary peaks are frequently observed in
the measured spectra of wind waves in the ocean (in this case k,, is the wave vector of
the main maximum in the spectrum). The angular energy distribution of N(k) and n(k)
is also different. Roughly speaking, the distinctions between N(k) and n(k) are of the
order of the square of spectral component steepness and can be seen (as numerical
estimates for model wind wave spectra have shown) only in a short-wave range of the
spectrum, far from the spectral maximum (so these distinctions can be neglected when
describing energy-containing spectral components of wind waves in the ocean).

To show the connection of our fourth-order depth-dependent equations (4.8) and
(4.9) with other known approximate equations {(and to check, to some extent, the
coeflicients in these equations) we consider the limit of shallow-water weakly dispersive
waves. We approximate the function g, on the left-hand side of (4.8), describing
dispersion of linear waves, by the expression g(k) x |k|*h—34k|*h*; in the coefficients
E® and E® we use the approximation ¢g(k) = |k|*h; and in the coefficient E® we let
q(k) = 0. In this case we have

EGh = —m[(k ky) + k|, 0%,

Eéjl)l,la Ikl |k1]2h E(()5)1 2,3,4 = Ikl |k1|2

2(2 2(2n)? 6(2 6(2n)°

In this approximation, (4.8) and (4.9) in coordinate representation correspond to the
‘Boussinesq-like evolution equation’

& = VGO YY) =

W gl V2L 1 (VYL — M) + M) = —‘;i;,

ot
where now ¢ = {(x, 1), = ¥(x, 1), h = h+{is the depth beneath the displaced surface,
and

= %J{gé’z+y[(vg)2_%(vo4] (V) — (VR dx.
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This expression for H is obtained using (4.3), (4.7), and the above approximations for
E™,

These Boussinesq-like equations have been derived by other methods by a number
of authors, e.g. Miles & Salmon (1985) (see also references therein). Note that in the
considered limit of shallow-water weakly dispersive waves the Hamiltonian H in
coordinate representation is local functional of ¢ and ¢, in contrast with the general
case of arbitrary depth in which H is a non-local functional of these variables, as Miles
(1977) has pointed out.

I wish to acknowledge the always interesting and stimulating conversations with
Professor V. E. Zakharov. I am also grateful to Professor B. J. West for pointing out
his book and to referees for suggestions.
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